Comment on "PT Symmetry as a Generalization of Hermiticity"
  [arXiv:1002.2676] by Rath, B. & Mohapatra, P.
ar
X
iv
:1
90
5.
09
72
4v
2 
 [q
ua
nt-
ph
]  
24
 Ju
n 2
01
9
Comment on :PT-Symmetry as a Generalisation of Hermiticity :Q.Wang,S.Chia and
J.Zhang , J.Phys A 43,295301(2010)[arXiv:1002.2676v2[quant-ph] 16 April 2010]
Biswanath Rath and Prachi Prava Mohapatra
Department of Physics, North Orissa University, Takatpur, Baripada -757003,
Odisha, INDIA(:Correspondence ; E.mail: biswanathrath10@gmail.com ;
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We notice that the general PT-symmetric Hamiltonian matrix(N=2) having 6-real
parameters fails to reproduce four parameter and one parameter PT-symmetric ma-
trix derived using the work of Bender et.al [ J.Phys A J.Phys 35,L467-L471(2002) ].
Similarly in the case of Hermitian matrix , we also notice similar unfruitful conclusion.
Hence the claim of Wang, Chia and Zhang saying ” PT-symmetry as a generalisa-
tion of Hermiticity” [J.Phys.A43,295301(2010)] is no-longer a substatial material in
understanding the generalisation of PT-symmetry in complex quantum mechanics .
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Since the development of PT -symmetry ,physicists are searching for different ways
to co-relate with Hermitian operator . In fact a real success in this direction has been
made possible by Jones and Mateo [1] ,who showed that
H = p2 − x4 (1)
has equivalent hermitian counter part . Thiagrajan and Nanayakkara [2] have also
verified the previous work . Some works in this direction has also been done by
Mostafazadeh [3] considering the model operator
H =
p2
2m
+
µx2
2
+ iǫx3 (2)
Probably motivated by above works [1-3] ,Wang ,Chia and Zhang (hence forward
WCZ)suggested [4] a model involving 6- real parameter (2x2) matrix as
HWCZ =


∈ +γ cos θ − iµ sin θ (γ sin θ + iµ cos θ + ν)e−iφ
(γ sin θ + iµ cos θ − ν)eiφ ∈ −γ cos θ + iµ sin θ

 (3)
and claimed that [4]
” all (2x2) Hermitian matrices can be recovered as special case with
µ = ν = 0” .
In above ,ǫ, γ, µ, ν, θ, φ are real− variables . At this point we also find a general
form of PT-symmetric matix by Bender,Berry and Mandilara(hence forward BBM)
appeared in this journal [5] . The BBM model spells out as
HBVM−PT =


a b
b∗ a∗

 (4)
Here a and b are complex . Further we also notice that If a is real the model refers
to Hermitian matrix . Similarly if b is real and a is complex ,then the model refers
to Bender,Brody and Jones’s PT-symmetric [6] .
Present PT-Symmetry Model
HBP−PT =


a∓ ib c± ib
c∓ ib a± ib

 (5)
where a , b,c are real . In this model system is always in unbroken state irrespective
of the real values of a,b,c. The eigenvalues of the system can be written as
E± = a± c (6)
Here we consider general 4-parameter model PT-symmetry as
HBP−PT =


∈ +γ cos θ − iµ sin θ γ sin θ + iµ sin θ
γ sin θ − iµ sin θ ∈ +γ cos θ + iµ sin θ

 (7)
1
Before making comparison , we consider the parameters as
Case-1 φ = ν = 0→ ǫ, µ, γ, θ,
h(1) =


∈ +γ cos θ − iµ sin θ γ sin θ + iµ sin θ
γ sin θ + iµ sin θ ∈ −γ cos θ + iµ sin θ

 (8)
Here we notice the following
H
(BP−PT )
11,21 = h
(1)
11,21);H
(BP−PT )
22,12 6= h
(1)
22,12); (9)
Here we notice that 6-parameter model fails to reproduce 4-parameter matrix . Let
us consider a 1-parameter model as
1-Parameter PT-symmetry study
Here we propose a 1-parameter model as
HPT1 =


1− sin θ + i cos θ 1− i sin θ
1 + i sin θ 1− sin θ − i cos θ

 (10)
Let us see to what extent WCZ [4] 6-parameter model matches with this .
Case-2 : θ = φ = 0→ ǫ = 1− sin theta, µ = − sin θ
h(2) =


ǫ+ γ ν + iµ
iµ− ν ǫ− γ1

 (11)
The matrix can be written as
h(1) =


1− sin θ + cos θ 1− i sin θ
−i sin θ − 1 1− cos θ − sin θ

 (12)
and notice the following
h
(21)
(2) 6= H
(1)
21 ; h
2
22 6= H
(1)
22 ; h
2
11 6= H
(1)
11 ; h
2
12 6= H
(1)
12 (13)
Case-3 : θ = π/2, φ = 0→ ǫ = 1− sin theta, µ = − cos θ, γ = sin θ, ν = 1.
With the above substitution , the 6-parameter matrix is reduced to
2
h(3) =


ǫ− iµ γ + ν
γ − ν ǫ+ iµ

 (14)
The matrix can be written as
h(3) =


1− sin θ + i cos θ 1 + sin θ
sin θ − 1 1− i cos θ − sin θ

 (15)
Here one will notice the following
h
(3)
(21) 6= H
(1)
21 ; h
(3)
12 6= H
(1)
12 ; h
(3)
11 = H
(1)
11 ; h
(3)
22 = H
(1)
22 (16)
In this PT-symmetry study ,we notice that the 6-parameter (2x2) matrix fails
ttian matrix as reproduce the 1-parameter matrix H(1) . Hence the previous claim
saying that ”all PT-symmetry matrix can be generated from the proposed matrix” is
nolonger valid .
Hermitian Operator study
Let us consider a 4-parameter Hermitian matrix as
HBP−Hermitian =


∈ +γ cos θ γ cos θ + iµ sin θ
γ cos θ − iµ sin θ γ cos θ− ∈

 (17)
h
(11)
(4) = H
(BP−Hermitian)
11 ; h
(12)
(4) 6= H
(BP−Hermitian)
12 ; h
(21)
(4) 6= H
(BP−Hermitian)
21 ; h
(22)
(4) 6= H
(BP−Hermitian)
22
(18)
Now consider 1-parameter Hermitian case as follows
H1−Hermitian =


1 + sin θ 1 + i sin θ
1− i sin θ sin θ − 1

 (19)
Case-1: ǫ = ν = φ = 0, γ = µ = 1.
Here we transform previous 6-parameter model[4] to one parameter model as
h(1) =


cos θ − i sin θ sin θ + i cos θ
sin θ + i cos θ − cos θ + i sin θ

 (20)
3
and notice the following
h111 6= h
(1∗)
22 ; h
1
12 6= h
(1∗)
21 (21)
Hence the reduced 6-parameter model is not PT-symmetric in nature .
Case-2: ǫ = cos θ, γ = φ = 0, µ = 1, ν = cos θ.
Here we transform previous 6-parameter model[4] to second choice one parameter
model as
h(2) =


cos θ − i sin θ sin θ + i cos θ
− sin θ + i cos θ cos θ + i sin θ

 (22)
and notice the following
h211 = h
(2∗)
22 ; h
2
12 6= h
(2∗)
21 (23)
One can also extend the previous study multi-parameter matrix and to higher values
of matrix dimension[7].
In conclusion , we notice that the earlier proposed 6- parameter matrix model fails
, not only in 4-parameter (2x2) matrix but also in 1-parameter (2x2) matrix model
PT-symmetric as well as Hermitian operators . However the previous 6-parameter
matrix model needs rectification and as such it is not a general model .
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